Ap dung toan ménh dé dé giai bai toan logic
$1. Mot s6 khai niém va cong thirc trong toan ménh dé

Ménh dé toan hoc 1a loai ménh dé chi c6 thé cho gié tri Pung hodc Sai. Khac véi cac loai
ménh dé van hoc, chiang han: “Oi Tb quéc giang son hing vi!” (cAu cam than), “Thay Mau
0i!” (cau goi), “Goi gi day?” (cau hoi),...

Trong bai bdo nay ta goi ménh dé toan hoc don gian 1a ménh dé va ma hoa gia tri Pung 1a 1
va Sai la 0.

Cic phép toan ménh dé co ban sau:

1. Phép hdi cuia hai ménh dé: A va B, A and B, A A B, ky hiéu 1a A.B hay AB hay
A,
{8
AB =1 (A=1vaB = 1) (d6ng thoi),
A.B =0 (A=0hoic B=0).

2. Phép tuyén cua hai ménh dé: A hoac B, A or B, ky hiéu 1a A v B hay A + B hay
A,
B
A+B=1< (A=1hoicB=1),
A+B =0 (A=0vaB=0) (dong thoi),

3. Phép hoic loai trir ciia hai ménh dé: A hoic loai trir v6i B, A xor B, ky hiéu 1a A v B.
AvB=1« (A=1vaB=0)hoac(A=0vaB=1), (A, Bkhong cung gia tri),
AvB=0< (A=1vaB=1)hoic (A =0vaB=0), (A, B cing gi4 tri).

Vidu:

Mot ong b6 thay cau con trai ¢6 hai c0 nguoi yéu thi ra diéu kién: “Anh phai ldy mot trong hai

co 4y, va chi mot c6 thoi!”. Néu anh 4y khong 13y ai hay lay ca hai co 12 sai!

4. Phép kéo theo ctia hai ménh dé: Néu A thi B, if A then B, ky hiéu 1a A — B hay A = B.
A—>B=0cA=1vaB=0,
A—->B=1c(A=1vaB=1)hoaic(A=0vaB=0)hoac(A=0vaB=1).

Vi du:

Mot anh cén bo dang van dong bau cu tuyén bd: “Néu t6i duge 1am bd truong, toi s€ thudng

cho anh em trong bo thang lwong thir 13”. Thé rdi anh ta 1én 1am bg truong that, nhung khong

cho nhan vién lwong thang 13. Thé 1a anh 4y sai!

Nha Toan hoc Fermat néi: “Cu n 13 s6 tu nhién thi F, = 2 "+ 1a mot s6 nguyén t6”. Méi dau

do tinh bang tay, ai ciing ngai, nén ct cho 1a dung. Mai vé sau: Tuy nhién den

nam 1732, Euler da phu dinh dy doén trén bang cach chirng minh Fs 1a hop s6. Sau do, nguoi

ta con thay v6i 1an = 5.9 1a s6 tu nhién that, ma F, = lai khong phai 1a s6 nguyén t6. Do vay

Gia thuyét cua 6ng Fermat khong phai 1a dinh luat duoc!

5. Phép twong dwong cua hai ménh dé: A <> B, chi dung khi A va B ciing mot gia tri:
A<>B=0<>(A=1vaB=1)hoic (A=0vaB=0).
6. Phép phi dinh cia mot ménh dé: Phu dinh caa A, not(A), ky hidula A .

Giatricua A khac v6i A (dbi khang véi nhau).
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Chu y:

Hai ménh dé co gia tri nguoc nhau goi 1a d6i khang. Nhiéu ménh dé khong cung gia tri goi 1a

bat dong.
Vidu:

A = “Cai bang nay mau den”, B = “Cai bang nay khong den” thi A va B 1a d6i khang.

Vi du: A = “Cai bang nay mau den”, B = “Cai bang ndy mau xanh” thi A va B 1a bat dong.

Nhu vay, ta co

Béng gia tri cac phép toan ménh dé

A+B

A.B

A B AvB | A>B o N
0 0 0 0 0 1 1 1
0 1 1 0 1 1 0 1
1 0 1 0 1 0 0 0
1 1 1 1 0 1 1 0

Nhiéu ménh dé lién két voi nhau boi [cac] phép toan ménh dé tao thanh Biéu thirc ménh dé.
Ménh dé Y phy thudc vao mot hay nhiéu bién ménh dé Xy, Xo,... goi 1a moét Ham ménh de.
Hai ménh dé ndi véi nhau bai mot dau bang goi 1a mot Pang thiec ménh dé.

Dang thirc ménh dé ludn dung véi moi bo gia tri cac bién goi 1a Hang dang thiec ménh dé!

Vi du:

A = “x chia hét cho 3” 1a mot ham ménh dé mét bién.

B =“x + y 1a s6 nguyén chin” 1a mot ham ménh d¢ hai bién.
(A + B) v (AB) — (A v B) 1a mét biéu thirc ménh de.

M@t sb tinh chit ciia cic phép todn ménh dé (Céc hing ding thic ménh dé)
a) AB=B.A, (Gidng sb hoc)
b) A+ B=B+A. (Gidng sb hoc)
a) (A.B).C = A.(B.C),
b) (A +B) +C=A+ (B + C). (Giéng sb hoc)
a) A.(B + C) = (A.B) + (A.C), (Gibng sb hoc)
b) A+ (B.C)=(A+B).(A+C).
(Gibng tap hop: néu coi . 1a giao, + 1a hop, khong giéng sé hoc)
4. Phan tir trung hoa:a) A1=1A=A,
b)A+0=0+A=A.

1. Tinh giao hoan:
2. Tinh két hop:

3. Tinh phén phdi:

5. Luat khi: aAA. A = A A=0,
b)A+K = A +A=1
6. Luat nuot: A)A+1=1,
b) A.0=0.
7. Luatliay dang:  a) A+ A=A,
b) AA=A.
8. Phi dinh kép: ‘A =A. (Phudinh caa phu dinh)

Vi du:
Khong phai la anh khong thich, c6 nghia 14 anh thich!
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9. Luat De Morgan: a) A+B = . B,

b) AB = A + B .
Bién luan phuong trinh (m?—1)x=m+ 1.
Giai :

Néu m?—1 #0 hay (m # 1) va (m # -1) thi phwong trinh c6 mot nghiém.
Tréi lai, néu m = 1 hoac m = -1 thi ta xét cu thé :
Vi m = 1 thi phuong trinh tré thanh 0x = 2, v6 nghiém
Vi m = -1 thi phuong trinh tré thanh 0x = 0, moi x 1a nghiém.
10. Chuyén déi phépxor: AvB= A B+A.B .
Chung minh:

A B ‘A B+A.B

0
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R& rang hai vé ludn bang nhau!
11. Chuyén doi phép kéo theo: A—>B= A +B.
Chung minh:
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R rang hai vé lu6n bang nhau!
12. Chuyén d6i phép tkéo theo: A< B=AB+ A .B .

Chui y:
C6 nhiéu cach chang minh hang dang thixc ménh dé, nhung cach 1ap bang 1a hay duoc dung.

Nguoi ta di chirng minh dwoc ring:
1. Pai sb Boole:

Tap hop @ = {0; 1}, cing cac phép toan hoi, tuyén va phu dinh
(11=1,1+1=1,1=0,10=0,1+0=1, 0 =1,0.1=0, 0+1=1,0.0=0,0 + 0=0)
xac dinh trén 8 1a mot dai s6. D6 1a dai s6 Boole.

2. Quy Vé ba phép toan c6 ban:
Moi biéu thirc ménh dé dé c6 thé viét lai dudi dang chi gom ba phép toan hoi, tuyén va
phu dinh (dwa theo tinh chat 10, 11 va 12).




3. Biéu thire twong minh:
Néu biét bang gia tri cia mot biéu thic thi s& biét twong minh biéu thirc d6. Ciing ¢6

thé néi rang: Biét bang gi tri ciia mot ham ménh dé tirc 1a tim dugce ham do.

Phép XOR (hoic loai trir v) rat hay dung nén cac nha dién tu, tin hoc da thiét ké ra cac con
chip co ban nhiat AND, OR, XOR va NOT.
So @ mach co ban (Dau vao tir bén trai, Pau ra bén phai): (C6 sach dung ki hiéu khac hon!)

:|>— And :D— or :E>— Xor —Do— Not

Vidul:

Tir bang gia tri cia mot ham hai bién A va B nhu dudi day, tim biéu thirc tuong minh f(A,B)?
A B f(A,B)

0

_)

1
1 — A.
0

= O O
O B+~ O

Giai:
Xuat phat tir cac s6 1 d6 suy ra cac truong hop dung nhu trén, roi lay tuyén cua cac két qua
trung gian lai dé duoc biéu thuc twong minh f(AB)= A .B+A. B =A v B.

So dd nguyén Iy cia mach Xor nhu sau:

A | pe

| AxorB

2 o

Thuec ra chi can 3 con chip And, Or va Not, nhung trong thuc té co rat nhiéu bai toan dan dén

biéu thie Xor, nén ngudi ta ciing 1am mot con Xor va liét vao hang co ban. Hon thé nira,
ngudi ta con lam ra cac con chip Nand phu dinh ciaa And, Nor pha dinh cta Or va Nxor phu
dinh cuaa Xor nita,...

Néu khong ¢ Xor thi chip cong kénh hon. Nhung néu dung chip Xor thi véi f(A,B) chi can
mot con 1a du.

Vé6i nguyén 1y truy tim biéu thirc tedng minh qua bang gia tri chi tiét cia mot ham ménh dé
thi voi mét linh kién dién tir, sau khi do, thir cac dau vao dau ra, 4p dung phuong phap trén,
rat gon két qua (nho cac tinh chat cia cac phép toan ménh dé) ta co thé thiét ké dugc mach

dién tir twong tng, va voi nén cong nghiép phu tro phat trién s& san xuat duoc cac linh kién.



Vidu 2.
Thiét ké hai cong tic cau thang A va B dé khi dén dang t6i thi bat cong tic nao cling sang va
dang sang thi bat cong tac nao cling tat.

Giai:
Céach 1 (Dién k¥ thuat): Ngay trudc chua c6 dién tir thi nguoi ta thiét ké nhu sau:
A B : Diy bdog )
/T\\ /ﬁ\ | Day weh Chiehz 1
+ X - o2y
y s (

So db nguyén 1y hai céng tic cau thang

O day A va B 1a cac cong tic “doi pha” d& dang kiém
duoc.

S0 8 mpch dbn cau thang

Céch 2 (Pién tir): Ngay nay c6 todn ménh dé va dién tur thi tuong ty lam nhu vi du 1 ta cé
S = A v B va chi can mét con chip XOR la da!

Gia st mdt con chip XOR nhu hinh bén:

A TS >——

A XORB

Vidu 3.
Tim biéu thirc mach dién tir cho ba cong tic A, B va C cho mot phong 16n ¢6 ba cira ra vao
sao cho khi bat mot trong ba cong tac thi dén S d6i trang thai.

Gidi:
Bang gia tri dé tim biéu thic cia dén S qua céc bién A, B va C nhu sau:

A B C S

0 0 0 0

1 0 0 15A.B.C
0 1 0 1> A B C
0 0 1 1A .B .C
1 1 0 0

0 1 1 0

1 0 1 0

1 1 1 1 AB.C

Tt bang trén ta co
S=A.B.C+A B.C+A .B .C+ABC=

=(A.B +A B).C +(A .B +AB).C

= (A xor B)E + AxorB C
= (A xor B) xor C.

Nhu vy ta chi can dung hai con chip XOR thoi.
Ta ndi nhu sau :

A
322 E) S

C




Con néu dung dién ky thuat thi rat phuc tap: Tan dung 2 cong tdc A va B, bo di hai doan thay
vao d6 dé 1ap thém cong tic C chuyén mach kép nhu hinh v& duéi day:

A

B
_____ Q S
o
* ) \x/

C

O cong tic C bat mot nhat thi hai kim tiép xuc xudng phia dudi hay Ién trén (theo hinh v&)
mot cach dong thoi. Hai kim d6 ¢6 két véi nhau va khong truyén dién sang nhau!

ViduA4.
Tim biéu thirc mach dién ttr cho bdn cong tic A, B, C va D cho mot phong 16n ¢o6 bdn ctra ra
vao sao cho khi bat mot trong bon cong tac thi dén S doi trang thai. Khai quat hoa bai toan!

Giai:

Bing cach 1ap bang nhu trén ta ciing di dén cong thirc
S = ((A xor B) xor C) xor D.

Ta ndi nhu sau :
A S
B S
C
D

Béng mach dién tir, ndi cong tic nhu thé, ta co thé gidi quyét bai toan n cong tic (n>1).

Khai quat:
Mach di¢n tir cho n cong tac A1, Ay, ..., Ay cho mot phong 16n c6 n ctra ra vao sao cho khi bat
mot trong N cong tic thi dén S doi trang thai 1a

Sh = ((A1 xor Az) xor ... Ap.g) xor An. (1)

Churng minh (quy nap)
1)- Ro rang (1) dang voin =2 (Xem vi du 3).
2)- Gia su (1) da ding voi n =k, ta s€ chirng minh n6 cling ding véin =k + 1.
Ta da co
Sk = ((Ag xor Ap) Xor ... Ak.1) Xor Ax thda man bai toan.
Phai chirng minh cong thirc sau fing thoa man bai toan
Sk+1 = ((Ag xor Ay) Xor ... Ag) Xor Ax+1 thoa man bai toan.
Ta s€ chi ra 1a bat mdt cong tac i bat ky, 1 <1<k+1 thi Sks1 doi trang thai.
That vay:




- Néu i < k thi theo gia thiét Sy doi trang thai ma A+ van chua doi trang thai dan dén Sy xor
Ay dbi trang thai

lién, A B

- Néu i =k+1 thi do
Sy khong d6i trang
thai ma Aysy ddi + i
trang thai ddn dén S, =\ @ —F—p-1-
xor Axs1 dbi trang
thai lién.

Tur 1) va2) suyra

Bai toan dugc chung \
minh! \
Con néu dung dién

ky thuat thi rat phuc \ C I
tap. Nhung trude day S f
nguoi ta cting da co Sy\
giai phap roi (Xem /f
hinh v&!). \
D
Vidub.

Thiét ké phep cong cac bit (cong nhi phan):
Nhu ta da biét bang cong nhi phan:

0+0=0, (Gidng s6 hoc hé thap phan)
0+1=1+0=1, (Gidng 6 hoc h¢ thap phan)
1+1=10. (Khéc s6 hoc hé thap phan)

Ciing gidng nhu cong cac s6 ¢ cac hé dém khéc: “Cong miy voi may duoc miy nhé may”.
Véi hé nhi phan ta c6 bang mau sau day:
Poc 1a cong bit A voi bit B, voi véi bit N cii, dugce bit D va bit nhd N méi.
Chfmg han cdng hai s6 nhi phan:
1101
+ 110

10011
(Thyc hién bang tay nhu cong s6 thap phan, chi khac la 1+1=10, dugc 0 nhd 1, ...)

A B N D N
0 0 0 0 0
1 0 0 1 0
0 1 0 1 0
0 0 1 1 0
1 1 0 0 1
0 1 1 0 1
1 0 1 0 1
1 1 1 1 1



Tir ddu vao (A,B,N) va dau ra la (D,N).
Tinh todn va rat gon ta thu dugc:

D=AB N+ABN+A B NtABN=...=(AvB) VN,

N=ABN +A BN+A B N+ABN=...=(A v N)B +AN,
Va con chip Cong dugc hinh thanh:

-----------------------------------------------------------

Ta cho bit A va B chay tur trén xudng va bit nhé vao N di tir bén phai sang, bit nhé ra ¢ bén
trai, bit dugc Xuong dudi dé ap vao phép cong tay nhu thuong 1& cho “phai phép”.

Thuyec ra trong thiét ké so khai ctia may tinh dién tir, hé 8 bit thi phép cong nhi phan 1101 vai
110 phai hiéu 1a 00001101 + 00000110 = 00011011,

Qua trinh cong nhij phan 8 bit duoc mo phong qua so d6 sau:

A as ag aj a a3 a; aj ap
B b; bs bs by bs b, by by
| | | | | | | |
N+ A+ |+ + -1+ +] + ™
| | | | | | | |
D dy ds ds d, d; d; d do

Phép cong bit dugc thue hién 1an luot tir phai sang trai aj + bi + N (vao) dugc di va nho N (ra),
v6i i tir 0 dén 7. Ban hay tu kiém nghiém lai v&i cac s6 nhi phan cu thé: Cho céc bit vao dung
cac vi tri tuong g cua chung va lam “nhu may” !

Con viéc nhan cac bit thi qua don gian, nhu nhan s hoc thap phén!



$2.- Mt s6 bai tap logic giai bing toan ménh dé

Baitap 1.

Trong mét cudc diéu tra c6 3 nhan chimg A, B va C cung ngdi véi nhau va nghe y kién cua
nhau. Cudi cing ban diéu tra hoi lai timg ngudi dé tim xem ai n6i ding. Két qua la: A va B
dbi khang nhau, B va C ddi 14p nhau va C thi bao A va B déu néi sai. Vay ban diéu tra tin ai?

Giai: 7

Theo dau bai ta c6 cac dang thuc sau:
A.B+ A B=1 (1),
BC +BC=1 ),

CCA.B+C.A+C .B=1 (3.
Nhan (1) va (2) ta thu dugc:
(AB+ AB)(BC+ B C)=1,

A B B.C+AB.B .C+A BBC+A .BB.C=1
Ta c6 s6 hang dau va cubi bang 0 (theo tinh chat 5), B.B = B va aB.B=B (tinh chét 7),

nen.
AB.C+A BC =1 (4).

Nhén (3) va (4) va it gon duge A .B. C =1, tiic 13 A sai, B dung va C sai.
Toém lai B 1a nhan chung no6i dung!

Bai tap 2.

C6 2 lang A va B & 2 bén dudng. Dan lang A thi ludn ndi that, hoi diéu ding thi gat dau, sai
thi lac dau. Dan lang B lu6n no6i dbi, hoi didu dung thi lic dau, sai thi gat dau. Mot ngudi
khach la dén mét trong hai lang d6, nhung khong biét minh dang & lang nao, gap mot nguoi
dan, khong biét dan lang nao, vi ho hay qua lai giita hai lang. Nguoi khach muén hoi chi mot
cau dé ngudi dan ctr gat dau thi biét minh dang & lang A, lac thi biét minh dang ¢ lang B.
Ban hdy gitip nguoi khach nay véi!

Giai:
Goi X 1a cau hoi: “Pay la lang A?”, Y 1a cau hoi: “Ban 1a nguoi lang A a?”. Cau hoi ctia
nguoi khach 1a mét biéu thirc tao ra tr X va tr Y, va c6 bang gié tri nhu sau:

X Y Q (Cau hoi)

1 1 1 (1) > Q=X.Y

1 0 0 ()

0 1 0 3)

0 0 1 (4)—>Q=X .Y
Y nghfg

(1): Néu dang ¢ lang A va gap dan lang A thi mudn ngudi d6 gat, ta phai hoi cau dung.

(2): Néu dang ¢ lang A va gip ngudi dan lang B thi mudn ngudi d6 gat, ta phai hoi cau sai.
(3): Néu dang ¢ lang B va gip nguoi dan lang A thi mudn nguoi d6 lic, ta phai hoi cau sai.
(4): Néu dang ¢ lang B va gip nguoi dan lang B thi muén nguoi d6 lic, ta phai hoi cau dung.



Tir bang gié tri trén tim duoc biéu thire tudng minh cua cau hoi:

Q=XY+ X .Y .

Cau hoi trong minh 1a “(Pay 1a lang A) va (ban la nguoi lang A) a ” hoac “(Pay la lang B)
va (ban la nguoi lang B) a 77,

Phoi hop cho gon hon, ta coé:

Cau hoi = “Ban 1a nguoi lang nay a ?”.

Hay “You are a citizent of this vilage a ?”.

Neéu nguoi d6 gt dau thi nguoi khach bi€t minh dang dlang A,

Trai lai, thi biét minh dang ¢ lang B!

Tom lai . _ _
Co nhicu bai todn d6 meo c6 thé dung todn ménh dé d€ tim ra 161 gidi mot cach chinh xéac.

Tuy nhién ciing khong it bai toan khé c¢6 thé dua vé toan ménh dé duoc. ..

Pham Dang Long
lightsmok@gmail.com

Tai lieu tham khdo

1. Sach huéng dan Toan roi rac — Nguyén Duy Phuong — Hoc vién Buu chinh — Vién
thong Ha Noi.

2. Bay phuong phap giai bai toan logic — Pang Huy Ruan — Khoa Toan — Co hoc — Tin
hoc — Truong Pai hoc Khoa hoc tu nhién Ha Noi.

3. 80 Bai toan thong minh — Han Ngoc Pirc (PDF) — Mang Internet...
Ngu(A)n 1: 80 bai toan thdng minh // C6 1¢i gidi - VnMath _MINH
Nguon 2 : http://hocmai.vn/file.php/408/Tu_duy_logic/80-BAI-TOAN-THONG-
MINH_handuc_v2.pdf
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